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Abstract

The primary objective of this paper is to present a simplified model for an array of
Atomic Force Microscopes (AFM) operating in static mode. Its derivation is based on
the asymptotic theory of thin plates initiated by P. Ciarlet and P. Destuynder and on
the two-scale convergence introduced by M. Lenczner which generalizes the theory of
G. Nguetseng and G. Allaire. As an example, we investigate in full detail a particular
configuration, which leads to a very simple model for the array. Aspects of the theory for
this con&guration are illustrated through simulation results. Finally the formulation of
our theory of two-scale convergence is fully revisited. All the proofs are reformulated on
a significantly simpler manner.

1 Introduction

In recent years, a number of new Microsystems or Nanosystems Array architectures have been
developed. These architectures include microcantilevers, micromirrors, droplets ejectors, mi-
cromembranes, microresistors, biochips, nanodots, nanowires to cite only few and application
are continually emerging in numerous areas of science and technology. In some of these systems,
units have a collective behavior whereas in others they are working individually. However, in all
cases their coupling is an important design parameter of the array that is promoted or avoided.
The coupling can be of various natures including mechanical, thermal and electromagnetic.
The numerical simulation of such whole arrays based on classical methods like Finite Element
Methods (FEM) is prohibitive for today’s computers at least in a time compatible with the
time scale of a designer. Indeed, the calculation of a reasonably complex cell of a three dimen-
sional Microsystems requires about 103 degrees of freedoms which leads to about 107 degrees
of freedoms for a 100 x 100 array. Moreover usual Microsystems involves strong nonlinearities
that cannot be ignored.

This work is focused on a relatively simple example of Microsystems Array, namely an
Atomic Force Microscopes Array (AFMA). A number of developments of AFMA or of more
simple Cantilever Arrays have already been achieved, as noted in the abbreviated set of citations
[29]-[62].
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The modeling of single AFM has been extensively studied in the literature in many different
configurations, as noted in the review papers [14], [21] and [13]. Most of the models are
based on a spring-damper-mass model where the precise features of the mechanical systems are
ignored. More careful modeling has been derived in various situations including tapping mode,
interaction with a surrounding fluid; see [16]-[23]. They are based on the Euler-Bernoulli beam
model with an applied force at the extremity of the beam except in [12] where the tip is modeled
as a rigid part and the force is applied to it. Until now, with the best of our knowledge, only
the group of B. Bamieh, see [24] and the reference therein, has published a model of coupled
cantilever array. These authors take into account the electrostatic coupling with a rudimentary
derivation.

To simplify the discussion we focus on the simplest case of an AFMA in static operation. We
establish a two-dimensional thin plate model for an elastic component including a rigid part
corresponding to the tip that is assumed to be much stiffer than the supple part of the cantilever.
Then a simplified model of an array of AFMs coupled through their base is derived from the
thin plate model. Each of these models is illustrated by an example. Analytic calculations
are conducted to yield very simple formulations. Finally a numerical simulation of the array
is presented and discussed. The derivations of the two models are rigorously justified through
asymptotic methods. The thin plate model is based on the asymptotic methods of P. Ciarlet
[2] and P. Destuynder [1] as well as on our previous work [6]. The derivation of the AFMA
two-scale model uses the two-scale transform and convergence introduced by one of the author,
see [15], [11] and [10]. However it is completely reformulated in a simpler and more intuitive
manner.

We note that for the geometry considered in this paper, our two-scale convergence is equiva-
lent to the two-scale convergence of G. Nguetseng [7] and G. Allaire [5]. However it is worthwhile
to remark that it has the of working also for electrical circuit homogenization (as a particular
case of d — n dimensional periodic manifolds immersed in a d—dimensional space) when the
other doesn’t apply as it has also been recognized in [9]. This remark constitutes an encour-
agement to develop this method in the framework of Mechatronical Systems. We point out
that these methods are in the vein of the homogenization methods by E. Sanchez-Palencia [3],
L. Tartar and A. Bensoussan, J.L. Lions, G. Papanicolaou [4]. Finally, we cite the work of G.
Griso and his coworkers initiated in [8] who have rediscovered the same method and named it
the Unfolding Method.

We review the main features of the simplified models presented in this paper. Simply stated,
an AFM evaluates the interaction force between the tip and the sample through the deformation
measurement, of the supple part of the cantilever. To do so, the tip is designed so that its
deformation is very weak so that it efficiently transmit the energy of deformation. This is why
we assume that the tip is perfectly rigid. This asumption simplifies significantly the model
by reducing the number of degree of freedom. Then, the thin plate model is derived under
the assumption that in the one side the supple part of the cantilever is very thin and in the
same time that the tip is also thin, both with the same order of magnitude. The AFMA is
constituted of cantilevers clamped in a common base. For the model derivation, we assume that
the base is much stiffer that the cantilever. This is expressed by saying that their stiffness have
different asymptotic behavior. Doing this, the effective stiffness of the base in the homogenized
model is not affected by the presence of the cantilever and so is independent of the tip-sample
forces (that produce nonlinearities). This is an appreciable simplification. In the example
that we detail, the base and the cantilevers are rectangular. The tip-sample forces are the
van der Waals forces and the chemical interaction forces. In this case the model is in the



one side a fourth order one-dimensional boundary value problem related to the deflection in
the base coupled with the model of the cantilever at the micro-scale which reduces to a single
nonlinear algebraic equation related to the tip-sample distance. The numerical simulations are
conducted for simple sample profiles: flat, slope and a quadratic shape. The tip-sample distance
is a distributed variable along the array that we discretize with Chebychev polynomials. The
numerical experiments show that even for simple sample shapes, a relatively large number
of polynomials are required for an accurate approximation. It is also observed that even for
a moderate number of cantilevers the deflection of the base is far from being negligible in
comparison with the tip displacement. This is due to the fact that the deflection increases
when the length of the base increase as its fourth power.

We note that the derivation of a two-scale model for the evolution problem can be directly
deduced from the static model. However the dynamic problem requires much dedicated analysis,
simulations and discussions so that we have chosen to postpone its presentation until a further
publication.

The paper is organized as follows. We establish aspects of the geometry and nature of tip
forces in the remainder of this section. The three-dimensional elastic model coupled with a
rigid part is stated and derived in Section 2. The thin plate model is stated and derived in
Section 3. The two-scale model is stated and derived in Section 4. It is based on the two-scale
theory presented in the appendix postponed in Section 7. The examples and the numerical
simulations are reported in Section 6.

2 Three-Dimensional Model

We start by considering a mechanical structure located in Q C R3 made up of an elastic part
and a rigid part located respectively in (g and in 2r as depicted in Figure 1. The model is
stated in the next section and subsequently justified in Section 2.2.

2.1 Statement of the Model

The elastic component is clamped along part of its boundary I'y, is linked to the rigid part
through the interface I'g r and is free of applied forces in the remaining part I'y. When the
system is totally elastic (no rigid part), then g and I'g g are void and the related equation
must be ignored. The mechanical displacements are denoted by the vector u = (uy, ug, uz)?
defined over the entire structure.

X3

Xtip

Figure 1: Three-dimensional plate with the rigid part

The fourth-order elasticity tensor is denoted by R and may vary in space if the material
is not homogeneous. The symmetric matrix of linear strains is s(u) = 1(Vu + V') where V
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is the gradient operator. The equilibrium equations, the linear stress-strains relation and the
rigidity constraint are stated as

—div(o) = f, 0 = Rs(u) in Qg and s(u) = 0 in Qg (1)

where the product between the fourth-order tensor R and the matrix s(u) gives the 3 x 3 matrix
with entries

3
045 = Z Rz’jklb’kl(u)-
k=1
In the case of isotropic elasticity, the elasticity tensor has the form
Rijii = N6ij0ui + 211610 51

where 6 is the Kronecker delta.

The boundary conditions are v = 0 on I'yg, on = 0 on I'; (n being the outward normal vector
to the boundary). Moreover, u will be continuous at the interface I'g g. Finally, the force and
force momentum transmissions satisfy

/ onds=¢, / (o n).(z X ex) ds =Zj for k € {1,2,3} (2)
Ie.r Ie,r
where
£ = f(z)dz, 25 = f(z).(x X eg)dz.
Qr Qr

We note that the condition s(u) = 0 can be formulated through imposing a rigid displacement
u = b+ x X B whose b and B are some three dimensional vectors. The variational formulation,
which is necessary for the formulation of Galerkin-like numerical methods, can be formulated
as follows: find v € V such that

/QE o::s(v) de = /Qf.v dx (3)

for all v € V for the previous stress-strains relationship where the admissible space of test
functions is

V={ve H(Q)® /s(v)=0in Qr and v = 0 on [y}

The Sobolev space H'(12) is the set of square integrable functions in Q, [, v*(z) dz < oo, such
that each component of their gradient are also square integrable.

2.2 Justification of the Three-Dimensional Model

Consider a sequence of elastic structures filling up {2 so that its rigidity in 2 tends to infinity.
Namely, the sequence of elasticity tensors has the form R" = R in Q0 and R" = nR in Qp
where n varies in N* from one to infinity. The variational formulation of such a sequence of
elastic problem is as follows: find u™ € Vg

/Q[R"s(u")] i s(v) do = /Qf.v dx

4



for all v € Vg where
Ve={ve H(Q)® /v =0onTy}

Using classical estimates, one may prove that |[|Vu"||g and n||s(u")||3,, are bounded uniformly
with respect to n where |[v[[g = [, v*(x) dz.

The uses of theses estimates justifies the expansion ™ = u + O(1/n) with u independent of
n and satisfying s(u) = 0 in Qg and s = s(u) in Qg. Taking n to infinity in the variational
formulation and posing v = 0 in Qg, it follows that u solves the variational formulation (3). The
derivation of the local form of the variational formulation (3) is a routine and is not detailed
here.

3 A Thin Plate Model

The cantilever of an AFM is comprised of a thin plate equipped with a tip as depicted in
Figure 1. The thin plate is assumed to be elastic and the tip is modelled by a rigid body. A
simplified model, based on the classical Love-Kirchhoff elastic thin plate theory, is stated in the
forthcoming section and its justification is made in Section 3.2.

3.1 Statement of the Model

Because the elastic component is a thin elastic plate with thickness 2a and mean section wg;
we consider the domain

Qp={r €R?®/ (21,75) Cwp, —a < x3<al. (4)

The three parts I'g, I'; and I'g g of its boundary are parameterized in a similar manner by
referring to the corresponding boundaries 7%, vf and 'yg’ r of wg. The rigid part is parameterized
as

Qr ={z €R® / (11,72) € wg with — h(x1,22) < 23 < a}. (5)

When a is small enough the three-dimensional model can be simplified to a thin plate model.
To justify it, we make some assumptions on the order of magnitude of the applied forces with
respect to the thickness a:

faz12=0(1),a ' f3=0(1) in Q and a~'h = O(1) in Q. (6)
It then follows that
g = uf + O(a) and aus = aul 4+ O(a) in Q (7)

where O(a) is any vanishing quantity when a vanishes and u! satisfies the Love-Kirchhoff
kinematic relations

83u§ =0, uS =ab azgaxauf with 83@5 =0fora=1,2in Qg.

In this paper, we neglect the contribution of the membrane displacement ¥ so we state only the

model satisfied by the transverse displacement uf’. It is governed by the equilibrium equations,
the stress-strains relations and the rigidity constraint

div(div(M?)) = f¥ + div(g"), MY = RPVV 4l in wy and v =" + B 2 inwr ~ (8)



where

Goe (1, T3) = / fo(@)zs drg and f7 (21, 25) = / f3(z) das in wg. (9)
In the case of isotropic materials, the elasticity can be formulated as
AN 4p
Rgﬁ*m = a3<m6aﬂ57p + ?6a75ﬂp)- (10)

In addition, z = (w1, z2)T, b¥ is a scalar and BY is a two-dimensional vector.

The boundary conditions are
uy = Vuln=0on~y (11)
and n? M¥n =0, V(n' M"7).7 + div(M").n = g"' n on 4%
where n and 7 are the unit outward normal and the unit tangent to the boundary of wg.
The transmission condition at the interface vp p results from the continuity conditions of the

displacement uf and of its gradient Vul and the continuity of the normal stresses. These can
be expressed as

V=l [ = V) ds BT = el [ (Vg ds (12
YE,R YE,R
—/ div(MF).n ds = ¢ and / n' MY — (div(MP).n)x ds = EF
YE,R YE,R

e — _/ (gp-n)le d3_|_/ frda, 28 = —/ (gp.n)|wEa:a dS—i—/ fPaa — gl da,
YE,R WR YE,R WR

|7, r| denotes the length of the interface vy g, g” and f? having been defined in wy and are
defined in wg by

a

gf(xl,:ng) = /a fo(2)23 drs and (21, 25) = / f3(x) dzs in wg.

—h(z1,22) —h(z1,22)
The variational formulation associated with this model is

uf e vF and/ MF VT de = / ffv —¢".Vu dz for all v € V¥ (13)
wEg wp
taking into account the stress-strains relation. The set of admissible transverse displacements
is
VP ={ve H*(wp) / VVTv =0 in wgr and v = 0 on 74 }

and H*(wp) being the set of square integrable functions on wp so that their first order and
second order derivatives are also square integrable.

Remark 1 For the derivation of the two-scale model, we need an extension of this model for
plates with varying thickness, namely, when Qg and Qg are replaced by

Op = {2R® /(21,22) Cwp and — k(x1,22) < 23 < k(11,22)}

Qr = {2€R? /(11,13) € wg with— h(x1,22) < 13 < k(w1,72)}
where k is a positive function so that a™*k = O(1). In such a case, the model remains the same

excepted that a is replaced by k in the expressions of the two-dimensional forces (9) and of the
two-dimensional rigidities (10).



3.2 Justification of the Thin Plate Model

The justification of the thin plate model is based on the asymptotic method of P.G. Ciarlet [2]
and of P. Destuynder [1]. In these works, the thin plate model is derived for isotropic elastic
bodies by calculating the asymptotic behavior of the elasticity system and of its solution when
the parameter a vanishes. In this work we use the same method but our derivation is based
on the paper E. Canon and M. Lenczner [6] where material anisotropy was encompassed. The
only difference between the new model and that in [6] comes from the presence of the rigid
body which does not significantly affect the proofs. Hence we report only the main steps in the
calculations.

Since the asymptotic method consist of finding the limit when a vanishes, it is mandatory to
introduce a scaled domain independent of a and to formulate the problem on it. To do so, one
introduces the change of variable F* defined on Q by F*(z) = (x1, 22, 2x3) in Q. The image

F*(£) is denoted by Q and there the coordinates are ¥ = F*(z). The whole model is now

expressed on the dilated domain. All variables or fields related to Q are covered by a tilde. The
rigidity, the mechanical displacement and the forces are scaled in different manners

R(E) = Rla), #(F) = (ur,u,a5)(2), F() = (fu, oo = f)(a) for € 2

From the assumption made on f, it is clear that ||J7| | is bounded. We also apply a scaling to
the test functions

0(z) = (v1,v2, avs)(z).

For a given displacement field v, define the 3 x 3 matrice K (v) such that K,3(v) = sa3(0),
Ka3(0) = K30(V) = a™'530(0) and K33(0) = a™?s33(v). Applying the variable change 7 = F*(x)
in (3) yields the following variational formulation: find u € V' such that

a /Q oK@ di=a /Q f(@).0(z) dt (14)

for all ¥ € V where & = RK(4) and
V={0eH(Q)? /K@) =0in Qg and 7 = 0 on I}

By equating v = @, one may prove that ||u||g and ||K (u)||g are O(1) with respect to a. Thus
we are led to formulate

u=u"+0(a), Ku) = K* + O(a)
where ¥ and K* are independent of a. It follows that

Kpﬁ = 545(u”) for a, 8 = 1,2 and that s;3(u”) = 0 for i = 1,2, 3.

e

This is equivalent to saying that u” fulfils the Love-Kirchhoff kinematics

P

~ ~P
~p _ ~p_ =P ~ o9 ~p . =P _
Oz, uz =0 and u, =u, — 30, u; with 03,4, = 0.

When neglecting the membrane displacement T,, it appears that uf solves the variational
formulation, which is independent of the parameter a,

7



ﬁ@vﬂ/fW%vW%ﬁ:éﬁ%—@ﬁ%@ﬁMﬂmﬁvﬂ
WE

Here MP = RPVV”42 and RP is defined under the name Q22 in E. Canon and M. Lenczner
[6] and is equal to

dp

~ AN
RP
3

= 550
ot = 3 1 op) @000 T

6 ay 6ﬁp

in the case of an isotropic material. Applying the inverse variable change, ul solves the varia-
tional formulation: find uf € V¥ such that

/ MP . WV de = /(fg V3 — X3 fo0z,v3) dx
wWE Q

for all v3 € VP with MP = RPYV uf and RF = ¢3RP. This leads directly to the variational
formulation (13). Since VV% w3 = 0 in Qg it may be written vs = d + D.z with D = (D, Dy)"
thus the right hand side may be reformulated as

/ (ff v3 — g¥ . Vus) do + ¢7dP + =F DT,
)

Application of twice Green formula and using the fact that v3 = d + D.z on v g, it follows
that

/ div(div(M* s dx +/ (T M Vs — div(MT).n v3) ds
wE

71

—(/ div(M*).n ds) d + (/ (n*MT — div(MT).n ) ds).D*

YE,R YE,R

:/ (ff 4+ div(g”))vs dx —/ g n s ds +¢Pd? + =P D
wE

Y1

from which we deduce all the model equations excepted the continuity condition of uf and
Vuf that comes by integrating the expressions uf = b" + B .2 and Vu§ = B” on yp p.

4 Model for an AFM Array

Consider a mechanical structure made of a periodic distribution of microcantilevers as shown
on Figure 2. In Section 4.1 a simplified model is stated when its derivation is done in Section
4.2.

4.1 Statement of the Model

The whole domain occupied by the cantilever array is still denoted by wp and is assumed to
be embedded in the macroscopic domain w = (0, L) x (0, Lo). It is constituted of n x n square
cells Y of size € x ¢ and fills up w which constrains the parameter ¢ to be equal to 1/n.
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Figure 2: Array of cantilevers and their reference cell

The dilatation and shift of any cell Y gives rise to a reference unit cell Y C (—3, 3)?. For
the derivation of the array model, we assume that ¢/L; << 1. As wp, this microscopic cell is
comprised of a thin elastic plate Yz and a rigid part Yx. In Yz, we distinguish the base Yp and
the elastic part of the cantilever Yy that is assumed to be much more flexible than the base.
The entire cantilever, made up of Yz and of the rigid part Y, is denoted by Y. In w, the bases
and the cantilevers are respectively denoted by wp and we.

Consider a function v defined on w. Its two-scale transform v(z,y) is the function defined

onw XY by
Oz, y) =Y xye(@)o(af + &) (15)

where the sum holds for all the cells Y7 C w, z§ are the centers of those cells and xy- is
the characteristic function of Y. The two-scale transform of a function v defined in wp 6nly
is accomplished through the same definition but after having extended v by zero to w. The
assumptions as well as the model are stated on the two-scale transforms of the various fields
playing a role. We quantify the fact that Yz is much more supple than the base by saying that
both

e*RP = R°+ O(¢) in Yp and R” = R® + O(¢) in Yp

with R and RP independent of . In other word, we consider that the plate has a varying
thickness which is equal to 2ap in Yz and 2a¢ in Y¢ with the ratio a2 /a3 ~ €*. The thin plate
model with varying thickness has been discussed in the Remark 1. In addition, we are led to
assume that

FP=f"40()inY, §¥ =¢®+0() in Yz and e ¥ = ¢ + O(¢) in Yo
with f9 ¢P and ¢¢ independent of . Based on these assumptions in wpg, it follows that

uf = uM +0(e), Vul = DM, 0) + O(e) (16)
and VVTul (z) = D*(uM,0)(x) + LBD2(uM, 0)(z, g) + O(e)

whereas in w¢, it follows that
uf(2) = w(@) +u0(2,2) + Ofe), (17)

eVui (z) = V,ul(w, g) + O(e) and *VV" 3 (z) = V, V] u®(x, g) + O(e)
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where V, is the gradient with respect to v,

M 2 M
D(uM,0) = ( axleu ) and D?(u™,0) = ( a’”g‘”e 89619 )

and ¥ is defined in (54). The construction of (u™, ), of the fourth order tensor £Z and of u®
is done as follows. First, one builds £? so that

(VyVIwP),s = Z LQW( voH )w (18)

v.p=1
where w® is solution of the microscopic problem Pp posed in the base Yz. Once this is done,
the calculation of (u*,#) is made possible by solving the problem macro P related to the
macroscopic domain w and the base Yz. Finally, u™ being known, u® may be computed due to
the microscopic problem P¢ posed in Y. We note that in the case of atomic forces depending
on u%, the macroscopic problem P™ and the microscopic problem P¢ in the cantilever cannot
be solved sequentially since they are fully coupled through the expression of the atomic forces
when its action on the tip has a non negligible effect on the base’s solution (u*, #).

Problem PM : The set of edges of the macroscopic domain w where z; = 0 or 1 splits in
v and v} corresponding, respectively, to the area where the base is clamped and where it is
free. The statement of the macroscopic or homogenized problem P includes the equilibrium
equations

o2 = fMand 0, My = f3' inw (19)

xlxl

and the stress-strains relation

MM = R¥o? + RY%0,,0, M) = RN 2 + R¥0,,0 in w (20)

.’El.’bl -'51-771
along with the boundary conditions

u™ = 9,uM =60=0on~v) (21)
and MY = M} =0, 0,, MM = g™ on M.

The new parameters are
gM:/ g9 dy, f1M=/f° dy+ | w97 dy, szz/ 97 dy
Yr Y Ys Yp
RM _ R1111 23%11
2R1211 431212
where the fourth order tensor R is defined by

B B
RY,, = / R3g,, + Ragec Leenp Ay,

LP is defined by (18) and w? is solution of the problem P5.
The variational formulation is

(™, 0) e VM, /MM D250, 0mym)" da —/fl v —g™.D(v,n) dx for all (v,n) € VM (22)

10



where

VM = {(v,n) € L*(w)? / 82 v and 0,0 € LA(w), v= Oz v =0=0on 'yé\/[},

171
L?(w) being the set of square integrable functions on w.
Problem P : The boundary of Y3 is made up of the interface v p.r between Yp and Y,

the area ,,, corresponding to the junction between neighboring cells and the remaining part
vp1- The microscopic equations stated in the base Yp are

div,(divy(MP)) = —div,(div,(FP)) with M? = RPV,VTw® and F? = R? ( Z (0)‘ ) . (23)

The boundary conditions are
Vy(ng MP7y).7, + divy(MP)n, = —V,(n)FPr,).7, — div,(F").n,
and ngMBny = —ngFBny on v Uvpp
and
w®, nl MPn,, Vw®n, V,(n) MP7,).7, + div,(M?).n, are Y — periodic on 7,,,.

Finally, w? and V,w? are set equal to zero in an arbitrary point y° of Y5 so that to garantee
the uniqueness. The variational formulation is

uP e VP, MP :V,Viv dy = — / FPV, Vv dx for allv € VP (24)
Ys Yp

where
VP ={ve H*Yg) /v, Vyv are Y — periodic on 7,,,}.

We note that the solution of this variational formulation is unique up to a function v such that
Vyvgv =0 and v, V,v are Y —periodic on ,,,, in short up to a function v(y) = ag + a1ys.

Problem P¢. The boundary of the elastic part Yz of the cantilever is the union of the
interface v p between the base and the cantilever, the interface 5  between the elastic part

and the rigid part and the remaining v,,. The data ]/”\3 and ¢© being given, the problem P¢
used for the calculation of u is made up of the equilibrium equations, the stress-strains relation
and the rigidity constraint

divy(divy (M) = f* + div,g® and M = R°V,V]u® in Yp, (25)
u® =b° + By in Yz,
the boundary conditions

c c _
v’ = Vyu .n,=0onygp,

nZMCny = 0, Vy(nZMC'ry).'ry + div,(M®).n, = 0 on ypy,
the continuity of u¢ and V,u® through the interface ~ rr and the normal stresses transmission

b0=4vERr1/“ uﬁﬂ—Vqu>nwm,BC:vaﬂ-{/ (VuC) e ds
YF,R Y

F,R

[ i€y ds =€ [ nME i, (MO )y s = =

YF,R YF,R
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where

fC = O dy — / (gc.ny)|yF ds and 2¢ = / —(gc.ny)‘yFy ds +/ fPy—g¢ dy.
Yr VYF,R VPR Yr
(26)

The corresponding variational formulation is

u® e ve, MO VyVZU dy = / v — gC.Vyv dy for all v € V¢ (27)

Yp Yo

where

V¢ ={ve H Yy) /v=V,wn,=0on YB.F> Vyvgv =0in Yg}.

4.2 Derivation of the Two-scale Model

The proof follows three steps. First a specific estimate of the growth of the mechanical dis-
placement is derived with respect to the small parameter . In a second step we use the Taylor
expansion of the two scale transform of u” and identify the global system which is verified by
the coefficients of the Taylor expansion. It is from this global system that the wanted model is
extracted.

The mathematical formulation of the assumptions on the rigidity and on the external forces
is in the one side an uniform ellipticity condition: there exists a constant K such that for all
e > 0 and all 2 x 2 symmetric matrix &,

[RP¢] i € and [RY€] € > KI¢[?
and in the other side there exists another constant C' such that for all ¢ > 0,
17 sy 118" v + 119 o xve < €.
In the proof, for the sake of simplicity, we remove the uperscript of uf’, f and g*.
(i) Let us prove the estimates
lallwps [Vtlluss [leVullog, IVVTtllup, [[e2VV ]l < C (28)

uniformly with respect to €. One starts from the variational formulation (13) where one equales
v="u

/ RPVYT4] = YV do + / ARP (VYT = (22VVT) da

wr
= / fu—x,,9-Vu— cha_lg.(EVu) dzx,
wp
one applies the uniform ellipticity condition and use the fact that VVZu = 0 in wg,
X =K(IVVull, + 1E2VVTullZ) < 1 fllwpllullop + 11y + & Xae)9llon 1 (Xu s + EX0e) Vtllop,
and then the estimates on the external forces

X < Cil(lullop + 11X + €Xue) Vullup):
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Thanks to the Poincaré like estimate (66),
X < Oof| (X + € X ) VV Ul
The third estimate in (28) follows and the two others are a direct consequence of it and of (66).

(ii) Let us establish that (u™, 6, u®, u®) is solution of the two-scale variational formulation:

(u™,0,uB u) eV, M :: [D?*(v™,n) + V, VI "] dydz + M€ :: V, VI dydz =
wxYp wxYFp

(30)

/ oM dydx — / g%.D(wM,n) dydx — / 9.V 0% dydz + O(e)
wXYp wXYB

wx Yo
for all (v™,n,v8,v%) € V with
M = RP(D*(uM,0) + V,ViuP), MY = R°V,V]u®
and
V=V x L} (w; VP) x L*(w; V)
where
VM — (M ) € H*(w) x HY(w) / v™ = VoM.n=0=0on ~)}.

We assume that u can be expanded as @ = u® + eu! + ¢2u? + £20(e) which is partially justified
by (28). We make use of the results stated in the appendix for wy = wp and thus d = 2. The
domain wp is clearly not connected in the direction x5 parallel to the cantilevers and connected
in the direction z; parallel to the base.

Let us make the link between the general notation used in the appendix and the specific
notations of the two-scale model presented in this paper. We pose

uM = uﬁmYB, 0 = d,,u' and u” = u? in w x Vg,

wC = w0 —uMinwx Y.

Thus (v, 0, u?,u’) € V and
(@, Vu, VVTu) = (u™, D(u™,0), D*w™,0) + V,VTu?) + O(e) in w x Y, (31)
and (u, eV, e2VVTu) = (™ 4 u®, vV, u, Vyvguc) +0(e) inw X Yo

where the approximations are in the weak sense as defined in appendix. Now consider the test
functions (vM,n,v8,v%) € V and v! such that d,,v' = 7. Let us pose

v=vMtevt +e2P inwxYgand v =M + 0% inw x Y.

We restrict to regular functions v! and v? such that o' satisfies the boundary conditions so that
they belong to V. Then according to the definition (54), it appears that T(x, %) € V' and it
may be chosen as a test function in the variational formulation (13) that we rewrite:

w e VP, / MP VT da + / M (2VVTT) da (32)

= /wf.ﬁ dx—/w 9.Vu daz—/w (e719).(e VD) dx

13



with
MFPY = (1R (2V VT w).
Let us focus our attention to the first integral. We remark that
VYT = (DY) + V, V5% (@, 7) + 0() inws
From (56) it is also approximated by T*(Ey, (D?(v™,n) + V,VIv?))(z) +O(e) so

X = / MY vV de = /EwBMP i T*(Ey, (D*(0™, n) + V, Vi vP)) dz + O(e)
wpB w

because ||[M7T],, is bounded. Here E,, and FEy, denote the operators that extend by 0 a
function defined on wg or Yp to a function defined in w or Y. Let us rewrite it by transposing
T*:

X = / EW/BMP it By, (D*(v™, ) + V,VI0P) dz + O(e).
wXxY

— —

Using the identity T'(E,,, M¥) = Ey, R®VV Ty and the approximation of VV”u yields

X = [RB(D*(uM,0) + V,VIuP)] :: (D*(vM, 1) + V,VIvP) dz + O(e)

uJXYB

which is the first term of (30). The same procedure applied to each terms of (32), provided
that

Vo = D(UM*,n)(a:,g)—l—O(a) inwp

and eV = V,7(x, §> +0(e), VYD = V,V15%x, §> +0(e) in we,

leads to the complete formulation (30).

(iii) From the two-scale variational formulation, we now derive successively the three prob-
lems PE, PY and PM.

For the derivation of P? one starts by choosing 7 = v™ = v¢ = 0 and remark that

MM = RED*(uM, 0) + M*
then

MP 2V, VP dyda :/ ~[RPD?*(u™,0)] : V, V] 0" dydz.

uJXYB uJXYB

Making the choice vB(z,y) = o(2)0vP(y) with any regular ¢ vanishing on the boundary of w
allows us to eliminate the integrals over w and yields the variational formulation (23) where we
have removed the O(¢) term.

For the derivation of P¢ one poses n = v™ = v# = 0 which leads to

MC Vyvgvc dydx = / J?.UM — gC.VyUM dydzx.

wXYp wXYeo

Based on the same argument, the integrals over w may be removed and (25) follows.

14



Finally one derives P™ by posing v? = v® = 0 and using the fact that
V,ViuP = LPD*(uM, ). (33)

It follows that

/MM : D*(v™,n) dydx :/ ]/f\.vM dydx —/ g.D(v™ n) dydx
w wXxYp wXYp

and the variational formulation (22) follows. The final approximation of u and of their deriva-
tives comes from the application of 7™ to (31) plus the linear relation (33) and finally the

general approximation T*v(z) = v(z, g)

5 Tip Forces

To characterize the behavior of the cantilever, it is necessary to quantify the attractive forces
FW of van der Waals type and repulsive forces F? between the tip and sample. We consider
first the development of relations for FvW.,

As detailed in [28, 21], attractive forces result primarily from van der Waals forces that are
due to a combination of electrostatic and dispersional effects present between all atoms and
molecules. Either classical or quantum principles can be used to derive the van der Waals
potential

C
WeiW () = BIGIE where ( =1’ — x (34)
for two atoms or molecules located respectively at the positions z and z’. Here |[¢|| = ({3 +

2+ C%)l/ 2and C = (T'aj% is a constant which depends on the electronic polarizability «g of
constituent atoms, Planck’s constant #, the electron orbital frequency v, and the permittivity

go of vacuum.

Q

aQ’
aQ! Q

Q/

(a)
Figure 3: Geometry of the AFM tip and sample with the assumption of (a) general surfaces,
and (b) a locally flat sample

To construct macroscopic relations quantifying the force between the cantilever tip and
sample, we consider first the general case in which the tip and sample are arbitrary bodies €2
and () having densities p and p'.

To determine the force, we make the classical assumptions of Hamaker which can be sum-
marized as (i) additivity of individual atomic or molecular contributions, (ii) continuous media
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so that summation can be replaced by integration, and (iii) constant material properties. For
these assumptions, the force exerted by the particule located in 2’ on this in x is given by

Fviv — ,0,0’/Q N f(z' — ) dada’ (35)

where f = —VWV.

The determination of F' for arbitrary geometries and potential W necessitates approximation
of integrals over six dimensions which is typically prohibitive. To simplify the formulation, we
follow the approach of [26, 27] and reformulate the relation in terms of surface integrals. We
consider the vector field

—C¢
(36)
REINR
It follows that
divG = —W (37)
and hence the divergence theorem can be invoked to formulate the macroscopic force as
FviW — ,0,0// / (G.n")n ds'ds (38)
o0 Joqy

where n and n’ respectively denote normals to the tip and sample. For the vector field relation
(36), the force is

Fviv — ——/ / nds'ds 39
o Jooy TICTT (39)

where the Hamaker constant is
A=mCpp. (40)

The flat sample case: For various applications, it is reasonable to approximate the sample
by a locally flat surface (n’ constant) while retaining the general representation for the cantilever
tip, see Figure 3 (b). For example, this assumption is reasonable when identifying the tip shape
using a known sample with minimal curvature or for regimes in which the separation distance
is large compared with perturbations in the sample. From the approximation

C.n/ C.TL/ ’ ’ Cn T
ds ~ dz’ dxs = dc.d —.
/agf||<||6" ° /Rzncnﬁ i = /Rucnﬁ Qe =

the attractive force is

A n
67 Joo (C1)?
The simplified force relation (41) facilitates implementation when identifying the tip shape or

operating in regimes in which the separation distance is sufficiently large so that modulations
in the sample surface are negligible.

deW

ds. (41)
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Figure 4: Geometry of the AFM tip

Flat sample and parameterized tip: Finally, we consider the case in which the sample
surface is assumed locally flat and a simple geometric parameterization is assumed for the
cantilever tip. Specifically, we follow the approach of Argento and French [26] and assume that
the cantilever can be parameterized as having a spherical tip of radius R, and a conical section as
depicted in Figure 3 with a distance d from the sample. This geometry is motivated by scanning
electron microscopy (SEM) images of various AFM tips and provides sufficient flexibility for a
number of applications while limiting to commonly employed models for spherical probes.

This assumption allows cylindrical symmetry to be invoked to yield analytic force relations,
and relaxation of this assumption would necessitate the approximation of nonsymmetric con-
tributions which yield higher-order force effects.

As detailed in [26], the attractive force due to van der Waals interactions can in this case be
expressed as

_ AR’[1 —siny][Rsiny —dsiny — R—d]  Atany[dsiny + Rsin~y + Rcos(27)]
B 6d%[R + d — Rsin]? 6 cosy[d + R — Rsin~|?

deW ( d)
(42)

where A is the Hamaker constant specified in (40) and -y is the cone angle shown in Figure 3.

The repulsive forces are due to the overlap of electron clouds. These are quantum mechan-
ical in nature and very short range compared with the attractive forces. Phenomenological
arguments yield microscopic potential relations of the form

re B
W) = 7= (43)
<]
where B is a constant which depends on electronic and material properties of the sample and
tip. Arguments analogous to those for the attractive forces yield short-range force relations
analogous to (39), (?7), or (42).

6 Examples

An example illustrating the application of the thin plate model for an AFM is presented in
Section 6.1. In Section 6.2, the two-scale model is applied to an AFM array. Finally in Section
6.3, results for a simulation of the AFM array are reported and discussed.
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6.1 A Single AFM

The two-dimensional domain wp is a rectangle wp = (0,42,) x (0, L¢) with % << L¢. The plate
is made up of an homogeneous isotropic material, is clamped on the side z; = 0 and is left free
otherwhere. The elastic part is wp = (0,4%) x (0, Lg) and the rigid part is its complementary
set wr = (0,£2) x (Lg, Lc). The coordinates of the tip are z/? = (23, 257, 247). The shape of
the sample to be analyzed is parameterized by a function ¢(x1,z3). The force applied on the

tip is modelled as a concentrated force
fi=fo=0and f3(x) = F(d)w(x)

where d = u'® — ¢""Pwith ¢'? = ¢(z%", £57) and u'® = u(x"?). Let us denote by z¢ the gravity
center of Qx and assume that 2/ — 2 is parallel to the direction of z5. If the dependency of
ul’ with respect to z; is neglected, then the distance d between the tip and the sample is the
unique solution of the nonlinear algebraic equation

kP (237)(d + ¢'") — F(d) = 0 (44)

and when d is known v is computed by

ul (15) = F(d)/k" (25) for 2o € [0, L

where
6m?
kP (z in [0, L
) = EH ]~ P
G\QR\mP .
= Lg, L¢|,
Lo(=3Lp HPwon] + 202 0| + 622 B Plon] — Saa L)) 1 (Fo Le!
and
3 0
P _ 8:ua' ()‘ + ILL)EC’ (45)
3(A+2p)
h = |wR|_1|QR|7 H” = |wR|_1/ (a+ h(l’))l’g dx.
WR
The proof is straightforward and we mention only the main steps. From Section 7.4,
h
P (x) = %({U)F(d) in wg, f£=0inwg, ¢ =0in wp,
R
thus
P a+ h(z) —p _ H"|wg]
dr F=F and Z F
=, o * T
The displacement uf is solution of the boundary value problem
d*ul du?
dg;;f (z2) = 0 for zy € (0,Lg), uj (0) = d—;;(()) =0
(46)
pd3ut dul  BPul

(Lg) = ¢ and m®( z9)(Lg) = =¥

2 3
dzs dz;
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where m? = (%, RY,,,. In the rigid part
uf (z9) = b + By 2y
with

duf
v =ul(Lg) — d—xQ(LE)LE and BY =

du3
Lg).
dZBQ ( E>

In particular,
tzp _ bP +BP tzp'
The equations (46) yield uf (z3) = ag + a1z2 + asx3 + azz3 in the elastic part with
ap =a; =0, 2mFay = ZF and — 6mFasz = ¢© (47)

from Wthh the equation ul(zs) = F(d)/k"(z4) follows. The equation of d follows by taking

zy = 257 and using the relation uf (z57) = d + ¢'*7.

6.2 An AFM Array

The whole system is still comprised of a homogeneous isotropic material. The subdomains Yp

and Y¢ are two rectangles described respectively in the coordinates (Op, yZ, y#) and (O¢, y¢, ¥S)
by

Y = (0,1) x (0,£5) and Yo = (0,42) x (0, L¢)

where O¢ = (—%,EB —3), 0 =(—3,—3), y¥? =y — Op and y° = y — O, see Figure 5 for
the description of the cell and Figure 4 for the changes of coordinates. The flexible part Yz of

Yo is (0,42) x (0, Lg) in (O¢,y©).

Y2
1/2 le
47#»
»ytip “LC
| L] o 12y,
IC

-1/2

Figure 5: Reference cell

We assume that v = @ so v} = {0,1} x (0, 1). The tip coordinates are denoted by 3**? in

(0,91, 92), by ¥°% in (O, yC,yS) and by 2t = (2 24| xlF) in Q.
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Yo yctip

Oc

Og
Figure 6: Local coordinates in Y5 and Y¢

The force applied to the cantilever is assumed to be concentrated on each tip, so that

fi=f2=0and f3(z ZF us (") (i’?ﬁpaxgip))éwfp(x) in .

The corresponding volumic force can be computed by using the results of Section 7.4. We
assume that it satisfies the assumptions done for the derivation of the two-scale model. Then
for d(z) = uM(x) 4+ u%(z,y“*?) — ¢(z), the model is stated as follows. The couple (d,uM) is
solution of

RM 0! uM(z) = F(d(x))/e for all z € w (48)

T1T1T1T1

M0, z9) = uM (1, 25) = 0,,u™ (0, 25) = 0, u™ (1, 25) = 0 for all 25 € (0, Ly)
and
kS (yS"™)(d + ¢ — uM)(z) — F(d(x))/e = 0 for all = € w. (49)

¢ is computed by

kc(yg)uc(x,yg) = F(d(x))/e for all (:B,yg) c€wx(0,Lc)

Once d is known, u

where
6mC
k¢ in [0, L
W) = ROVl VA =)
6\VR\mC .
= Ly, L
Lr(—3LpHO|Yg| + 2L2|Va| + 6y2HC|Yr| — 3y2Lr|Va|) in (L, Lel,
¥l [ (@ 1) dy. 1) = b+ )
Yr
4palpe 22 Spad, (X + p)e2
M — B 2)\ 4 2 - C — C C
1 3()\+2u)( . 2(A+u))’ " 3\ +2p)
B T, M 2\ 00 c c
Moreover, L7(VV'u") = ———— and § = 0. Remark that h® and H® are
4A4+pu) \ 0 1

independent of the cell center x; because h is periodic. Here we have used the notations apg
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and ac for the thickness of the base and of the cantilever divided by € and Viz C R? the
three-dimensional dilatation of any of the tips in g.
Let us sketch the derivation. From Section 7.4, the surface force in the thin plate model is

1Py = S et I 2 20/E) iy ytiny  utiny) v, ()

p V|
where 2! = (27 z'%) and u” stands for the approximation of ug. Its two-scale transform is
a + ho Yy ~ i < i
FPa9) = 2 R o)~ Gy )) e
|Vl
then
ac + ho(y ;
£(e,0) = 2D P (@) 1, )  o(a)) 2

143
From that expression, one may derive the solutions of the three problems P?, PM and PC.

Problem P2 : The solution w? of PP is

AV
BBy __ 7" B\2
w”(y”) = 4(A+u)<y1) :
This is verified by showing that such w? satisfies the variational formulation. Thus
SukK A 0 AV
MP = ——— ith K = ————
3(\ + 2p) ( 0 2(\+2u) ) . 400+ p)
and
16u A+ p)K
MB T d —
Y vyvy’U )\ + 2# y1y1
because fy yzyzv dy = 0 due to the periodicity of d,,v on ,,,. By another way,
dp, v 20+p) O 0 «
FP=—
3(>\+2p< o a2)Tlao)
then

dpulv
F5Y, Vv d :—/ 02,0 d
/YB ST 0 ) Sy, et

because [, 07, v dy = [, 05, v dy = 0 due to the periodicity of v and J,,v. Finally the
variational formulation

MPV,NVlv dy = - / FPY Vv dy
Y

Y

is fulfilled.

Problem P : It is straightforward to verify that

2A
Letys = “In g ) edadmdn
dulpaded A A A
Raﬁ‘m 3 z ()\ T 2u6aﬂ5w + 5av6ﬁp - 2()\ T M) ()\ T 2M6aﬁ6v161p + 50425%6“7151/1))-
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It then follows that

RM = ith RM :ﬁg)\ 20 — ———).
0 162}3# with fty79, 3()\+2,u)( +2pu 2()\4‘#))

The macroscopic forces are fM(x) = F(d(x))/e? and fM = 0. Then multiplying the equation

of uM by € and introducing RMY = z—:é{\{ll, one find that u™ is solution of the boundary value

problem (48) and @ is solution of
02 0(x) =0 for z € w, 0(0,25) = (1, z5) = 0 for all z; € (0,1)

T1T1

thus 6 = 0.

Problem P : The calculations are exactly the same as those for the simple plate model
in Section 6.1 excepted that z, Ly, uf, ¢r, =P, b, BEY, Qp, wg and HY are replaced by 3,
Lp, u®, §C, =9, %, BY, Vg, Yg and HC. Neglecting the variations of u“ with respect to y; it

comes that u¢ depends of 2 and y» only and is solution of the boundary value problem

34 C o C
8—;4 = 0fory$ € (O,LF),uC:aLm:Ofor y$ =0 (50)
2
L, 0%uC 0% 9PuC _
—gcRQQQS 4a—y§, fc and €0R5222€ 4(a—y§ — 8y§’ yQC) = ._,g fOI' ’yQC = LF

and
¢ x) = F(d(x))/e,
o |Yr|HC

=) = Vel [ @+ 1) dy Pl = S Flala)/e

By introducing m® = fcRL,,e ™ The expression of u® follows. Finally by using the relation

uC (., y0) = d —uM + ¢ for y§ = y$™ the equation (49) follows.

6.3 Numerical Simulation of the AFM Array

For numerical computation the algebraic equation (49) is replaced by
(d+ ¢ —uM)(R+d— Rsin(y))*d* — (k°)7'G(d) =0 (51)

where G(d) = e 'F(d)(R + d — Rsin(y))?d®. F(d) = F*™(d) + F"(d) where the van der
Waals F*¥W is defined in (42) from the potential (34) and the repulsive force F"® is build from
(43) on the same way. In order to avoid numerical errors due to the presence of large and small
values in the system, we use the normalized functions and variables

'TT = 'T/Lh 'T; = x2/L27 UM*<‘7:*) = uM(x)/¢scal7 d*<$*) = d<x)/¢scal7
¢*(I*) = ¢('T)/¢scal7 F*<d*) = L%F<d*¢scal)/(‘R% scal)7
G* (d*) - G(d*¢scal)/¢§cal’ R* = R/¢scal7 k* - kc(y;lp)qbgcal
so that (48) and (51) are replaced by
84IuM* = F*(d*) and E(d*,u™*) =0 in (0,1)?

T

uM*(2*) = Oy u* (z*) = 0 for all z* € {0,1} x (0,1)
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with E(d*, u™*) = (d* + ¢* — u™M*)(R* + d* — R*sin(v))?(d*)? — k*"1G*(d*). The displacement

uM* is decomposed on the basis of eigenfunctions ,,(x?}) :

(1) = 3 U3 (0)

where

then
Un(a}) = / F(d (@) o (a?) det /A (52)

The functions ¢* and d* are decomposed on the normalized orthogonal Chebychev polynomials
P, on (0,1):

Ny Ng
¢"(x}) =Y ®u(w)Poa(e}) and d*(27) = Y Do(5) Par ().
n=1 n=1

Thus the second equation is replaced by

£(D,®,U) =0
where
Ng Ny Ny
E(D,@,U) = E(Y_ Dy(w3) Paa(27), Y Pul@5) Par (), > Un(@3)ih, (7).
n=1 n=1 n=1

The discretized system is solved by replacing U, by its expression (52) and then by searching
the minimum of fol EX(D,®,U) dx; with respect to D. The minimum search is conducted by
combining a minimizing method relatively to D and a length line continuation with respect to
the number of cells. The algorithm is initialized with a small number of cells where u** is close
to zero. Then the number of cells is increased incrementally.

We have conducted computations with a square cell having a length of € = 50um. The other
parameters are Lo = 0.5, £ = 1/16, ac = 1/40, Y™ =7/16, Ly = 3/8, g = 1/4, ag = 1/10,
A =125e—19J, v = /6, R = 107"m, A\ = 6.1ell, p = 5.2¢ll, ¢,y = 1072 and finally
the shape of the tip is chosen so that (k°(ys?))~! = 3e — 8. The number of cantilevers or
equivalently the length of the array is a parameter chosen in each experiment. In the following
we refer to three choices of ¢* corresponding to three values of Ny :

0% 1%
Ny = g =0

Ny = 2:¢°(a7) = ¢" + (¢ — ¢™)ay
Ny = 3:¢"(27) = ¢” +49"ai(1 — a7)

where ¢** = —0.3 and ¢"* = —0.4.
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Figure 7: Distributions of u*, uM* + %“* and of ¢* as functions of z} for 10, 16 cantilevers

Figure 7 represents the functions u™*, u™* +4%* at the tip locations and of ¢* of % € (0, 1)
in the case of a flat sample, N, = 1, for two arrays having 10 and 16 cantilevers in the direction
x1. It is not surprising to observe that when the base length increases it deforms on a non
negligible way in comparison with the total displacement of the tip.

1

0.9r

%30 12 14 16 18
Number of cantilevers

*

max with respect to the number of cells

Figure 8:

’LLM*
——— taken at the
o . o
tips varies as a function of the number of cells for Ny = 1. Evidently this ratio tends to zero
for a small number of cells but it also increases dramatically with the number of cells which
means that in this case the tip displacement is more governed by the base displacement than

by the the cantilever deflection.

Figure 8 illsustrates how the maximum value over zj of the ratio

Ng\Ng | 1 3 5 719 Ng\Ng | 1 3 ) 719

1 22128435774 1 1.50121]36]|49]|58
2 1.0128|3.7]3.8]|39 2 1.0121|36|46|4.7
3 0.7127)34]4.0]47 3 06[25|34]40]41

Table 1: Err for 10 cells and 14 cells depending on Ny and Ny

The quality of the approximation of d* by using the Chebychev polynomials is also of interest.
In table 1, we report the order of magnitude of the error on d*

1 * * * * *

Err = —log, err where err® = Jo (i, (#7) — d*(29))" daf
1 " "
Jo (d*(21))? dzj

as a function of the number N, of polynomials used.
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7 Appendix

In this appendix, we report some mathematical definitions and properties. The concept of weak
and strong approximation are defined in Section 7.1. Then in Section 7.2 the two-scale transform
of a function is defined and its elementary properties are stated. Weak approximations of first
order and second order derivatives two-scale derivatives are derived in Section 7.3. In Section
7.4 we provide the expression of a volumic force which action is equivalent to a concentrated
force when it is applied in the rigid part. This result is used in the examples of Sections 6.1 and
6.2. Finally a fundamental inequality used for the derivation of the two-scale model is stated
and proved in Section 7.5.

7.1 Weak and strong Approximation

Consider an open set A € R", w® € L?(A), a function depending on the parameter ¢ and
a function w® € L?(A) independent of . We say that w® = w" + O(g) weakly in L?(A) if
i) A(w8 )v da: = O( ) for all v € L?(A) and we say that the same equality holds strongly in
) if f L (w 2 dz = O(e).
For example the oscﬂlatmg function sin(£) can be approximated by zero in the weak sense
but cannot be approximated by a function independent of € in the strong sense.

7.2 Properties of the Two-Scale Transform

We state here some elementary properties of the two-scale transform. The proofs are elementary
and are not detailed here. Some may be found in M. Lenczner and G. Senouci [11].
For v,w € L*(w),

v+w =704, 0w =700 and /v(x)da: = / 0(x,y)dydz
w wXY

For v € L*(w),

[v]lo = I[ollwxy

and if Vv € L*(w) then
Vo = e 'V,0.

For any Y —periodic part w, of w (like wp) and Y, its corresponding reference cell in Y, it
follows that

pr = XwXYm‘

It is convenient to note that the two scale transform is a linear operator T defined from L?(w)
to L?(w x Y) by Tu = 4. Its adjoint T* is defined by

/ u(@)(T*0)(z) de = / () g)ola,y) dody (53)

for all u € L*(w) and v € L*(w x Y). A direct computation shows that

- —d d € /_ _d €
;5 /Yisv(z, . )dz Xye( Za v(z, )zxyi(x)

25



where the function ¥ is defined on w x w by v(z,y) = >, v(z,y — )Xye(2). Apparently v is
not continous on w; however if v is extended as an Y —periodic function on R? then ¥ can be
rewritten as

1 1
6(Zvy) = U(’Zvy - 5) for (Zay) CwX Ew (54)

and has evidently the same periodicity with respect to its second variable and the same differ-
entiability with respect to both variables as v. It is useful to make the remark that if v is k+ 1
times continuously differentiable with respect to its first variable then 7*v can be approximated
up to the order k£ with an expansion in ¢,

k
T*0 =) fie" +"0(e) (55)

J=0

whose coefficients are some functions of v(z, £) and their derivatives. It turns out that the first
coefficients are

fl = 6(‘7:7%)7
£ = —X(a:).Vﬁ(az,g)
£ o= %X(x)vxvga(gx,g)xm+1—12Aﬁ(x,§)

where X = T*(y). The calculation of these coefficients is straightforward. One starts by
applying the Taylor formula to T at (z,y) with respect to its first variable: v(z,y) = v(x,y) +
Vou(z,y)(z — z) + 3(2 — )TV, Vi0(z,y)(z — ) + 20(¢) for z, z € Y. Then one substitutes
it in the expression of T*v. The calculations of the integrals are carried out by using the
decomposition z—x = (z—z5)+ (2§ —x) and the identities fyis(z—xf) dz=0and }; xy<(z) = 1.

Conversely one deduces an approximation of v(z, £):
2 2
o(x, g) =T"(v+e(y.Vy)v+ 5(va) v — ﬂAfcv)(z) +e°0(e), (56)

which is derived by applying the second order approximation (55) and replacing VwVfﬁ, AU
with their zero order approximation and vagﬁ with its first order approximation.

The two-scale transform is a linear operator that is well defined on functions. Its definition
can also be extended to some generalized functions or distributions: v being such a generalized
function T'v is defined formally by duality

(Tv,w), dz = (v,T*w),
/

for all w belonging to a class of regular functions defined on w x Y. From this definition the
two-scale transform of

U('T) = g(x) Z 5xi+€y0<x)

Tv is found to be

Tv(z,y) = Tg(z,y)5,(y) (57)
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where y° € Y, §¢ is the Dirac distribution in £ and ¢ is any regular function. Indeed,

(v, T*w < Z(S%%y Ze / w(z, —)dz XYE( )>

T

= Zg(azﬁeyo)é‘d/ w(z,y°) dZ/ Tg(z,y")w(z,y")dz
= 5d/Tg(z,y0)w(z,y0)dz:6d/ <Tg(z,y)(5yo(y),w(z,y0)>y dz.

This means that Tw(z,y) = e 9T g(2,y)0,0(y).

7.3 Approximations of the Two-Scale Transform of the Derivatives

The following results are stated in the general case where d is any positive integer, w =
I%,(0,L;) and Y = (—3,3)? with L; some non negative numbers. The definitions of the
cells Y;# and of the two-scale transform (15) still hold.

Notation: Consider a €Y —periodic set w; C w with cells Y and the associated unit cell
Yy = +(YF — 25) C Y. The intersection between the boundaries of ¥; and of Y is denoted by
Yper> 1t corresponds to the location where the cells Y}; are connected. We take into account
cases where the cells Y7, are connected to their neighbors in some directions but not in the
others. Then the gradient splits in two parts V = VY + V¢ where V¢ and V¢ contain
respectively the partial derivatives in the connectivity directions and in the directions without
connectivity. In the same way, the components y and the unit outwards normal vectors n to
a boundary (Ow or 9Y;) split as y = y¢ + yV¢ and n = n® + nN¢. The extremal cases where
the cells Y are connected in all directions (VY = V, n® = n and y° = y) or in none of
them (VC =n% =y = 0) are encompassed by these notations. The part of the boundary dw
where the unit outward normal vector nS # 0 is divided into v}/ where boundary conditions
are applied and 3.

First order derivatives: Let u be a function defined on w;, depending on the parameter ¢,
vanishing on v}’ N dw; and such that its norms ||u||,, and ||Vull|,, are O(1) with respect to .
From the norm conservation through the two-scale transform, we already know that ||u||,xy;
and ||%||wxy1 are also O(1). If, in any manner, it is known that 2 admits an expansion with
respect to € on the form @ = u® + eu! + €0(e), at least in the weak sense, with u° and u*
independent of ¢, then u® =0 on 7, V,u’ =0 on w x Y7,

Vu = ViU + Vyu' +0(e) onw x 1 (58)

in the weak sense, u! = u! —y©.VSu?, u! is Y —periodic on 7y,,,, u® € L*(w), VSu(z) € L*(w)?,
u' € L*(w x Y7) and Vyu! € L*(w x Y;)%

Second order derivatives: In addition, we assume that ||[VV7u||,, is O(1), that Vu = 0
on 1! N Ow; and that © = u® + eu' + eu® + 20(¢), at least in the weak sense. It then follows

that [[VVul|uxy, is O(1), V,u® =0 on vy, V,Viu! =0, Viu! =0,

Ve = V% + 6% +0(e) (59)

and VVTu = VE(VHTu® + VIOV 4 (VEONDTT + vVTu? + O(e)
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on w x Y) in the weak sense, u? = u? — y¢.VIa' + (y©.V$)2u°, v? and V,u? are Y —periodic
0N Yper, "¢ = V'“ul which is independent of y, Vg(VC)TuO € L*(w)™? and VIV, ul,
VVTu? € L (w x Yy)#&,

Strong variations, first order derivatives: In the case where the variations of u are
sufficiently large that ||Vul|,, is not of order O(1) but ||eVull,, is O(1) and @ = u® + O(e), at
least in the weak sense, then V,u’ € L*(w x Y7) and

eVu(z,y) = V,u’ + Oe) (60)
in the weak sense.

Strong variations, second order derivatives: If in addition ||e2VV”ul|,, is O(1) then
V,Viu € L*(w x Y1) and

2Vl u(z,y) = VVTu® + O(e). (61)
Here we sketch the proof of these approximations by indicating the calculation steps without
going into precise mathematical justifications.

Proof for the first order derivative: The proof is decomposed into four steps.
(i) If ||Vulls, is O(1) then V,u® = 0. This comes from the properties of the two-scale

transform recalled above: 5||Vu||w1 = z—:||Vu||wa1 = ||V,tl|wxy; = O(e).

Next, we decompose Vu = ch + V¥ and compute each part separately.
(ii) The first term turns out to be approximated by

Vou=viu® + Vgul + O(g) on w x Y.

Consider a function v(z,y) two times continuously differentiable with respect to z in w x Yj,
vanishing for y € dY; — 7,,, and for z € vM and extended by zero for y € Y — Y;. We assume
also that the function v defined from v by (54) is differentiable with respect to y. Then, E,,
denoting the operator of extension by zero from w; to w,

X = / TE,V uvdyd:n—/ chT*vdz—/ Vou(zx).o(x, )d:B—I—O()

due to the zero order approximation of T*v and the fact that ||Vul|,, is bounded. Applying
the Green formula and taking into account that the product v v vanishes on the boundary of
w it follows that

X:—/j(XMUM L)+ e i (e, 2)) de+ O(e),

T

Applying the approximation (55) at the zero order to divSv(z,2) and at the first order to
div§v(z, %) yields

X=- / w T*(divSv + 5_1divgv + y.deivgv) dz + O(e)
w1
or equivalently

X =— / y u (divSv + &fldivgv + y.deinCU) dzdy + O(e)
wXY1
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Since 0 = u® + eu! + €0(e) and ng u® = 0, applying the Green formula in the reverse sense
yields

/ Vouuw dyde = / (Vou° + Vycul).v dydx (62)
wxY wXxYy

—/ ulv.ng ds(y)dx — / uPv.n¢ ds(y)dz + O(e)
WXYper

Y xy:

with u! = @' — yC.Vfuo. From the conditions imposed on v, it follows that all the boundary
terms except those on w x 7, vanish. Here we have used the fact that le ul yN C.deivyc v

dy = 0. Reducing the choice of functions to those satisfying v = 0 on w X 7,,, and on Y x Y,
gives

VCOu.v dyde = / (VS + Viub).v dydz + O(e)

wXY wXY1

which holds only for the above mentioned v. However, from a density argument this is valid

also for all v € L*(w x Y}). So we conclude that the equality Véu = VSu® + Vycul +O(e) holds
in the weak sense.

(iii) As a by-product of (62) it follows that u' is Y —periodic on 7,,, and u® = 0 on ~{’.
Restarting from (62) with v = 0 on v} x Y; it follows that

/ u'v.nS ds(y)dz = O(e)
wX’Yper
which says that u! is Y —periodic on Yper- Finally for an v it remains
/ u’v.n¢ ds(y)dr = O(e)
Xy

that says that «% = 0 on .

—

(iv) The expression of the complementary V"% is

VN = Vivcul + O(e).
Indeed V¥Cu = e 1)U = e VYO (w0 + eul) + O(e) = V) “ul + O(e).
This completes the derivation of (58).

Sketch of the proof for the second order derivative: From ||[VV7u||,,, = O(1) it follows
that V,V]u' vanishes, then u' is affine with respect to y and oNC = vy “u! is independent
of y. Furthermore, u' being periodic on Yper implies that it is independent of y© or in other
words that ijul = 0. The proof of (59) follows the same arguments (58) except that v is a
symmetric d x d matrix. The matrix of second order derivative splits in three parts VVZu =
(VC)QU + VC(VNC)TU + VNC(VC)TU + (VNC)2U.

(i) The approximation of the first term

—

VOV Tu = VIV W + VS(VS) > + Oe) onw x Y, (63)
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and of the boundary conditions on v)! and on Yper are derived through the same calculation.
The second order approximation (55) of T*v leads, after few lines of simple calculation, to

CioOnT,, . . _ CoC CoC N
/wxyv (VH)Tu v dyde = /wxy (VE(VH) u’ + VS (V) W) v dyde
+/ [u' (divSv) + u2(diva) — (VS'UZ)TU].TL?? ds(y)dx + O(e).
U.)X’Yper

The formula (63) as well as the boundary conditions follow.
(ii) The second term V¢V is approximated by

VOV Tu = V7 (07)T + VO (V) W + Oe). (64)

Here V¢ is applied to u and V¢ is transposed on the test function. Following the calculation
and using the fact that Vév “(y°.VEu®) = 0 the formula

/w><Y VN 2 vdyde = /w (VEONNT + VéVC(VyC)th) v dydr + O(e)

><Yl

arises when v = 0 on w X 7,,, and on dw x Y;. This provides immediately (64).

(iif) The third term V¥ (V) Ty is equal to the second term transposed so its approximation
is equal to the transposed approximation of the second term.
(iv) The derivation of the formula for the fourth term

—

(VNO)2y = V?JJVC(V]]JVC)TU2 +0(e) onw x Yy (65)
is straightforward.

Proof for the strong variations case: For proving (60) and (61), let us recall that

—

eVu = Vi and 2VVTu = vyvga, so using the expansion of u leads directly to the results.

7.4 The volumic force associated to a concentrated force in the rigid
part
Consider a concentrated force F6,i»(x) applied to the extremity of the rigid part Qg in the

example 6.1 where F' is any vector of R®. We may prove that the force

=L Fx@—aC
J@) =ty + F x (2 =a%)

produces the same effect on the rigid part as the concentrated force where z¢ is the gravity
center of Qf and F = A71((z'® — 2%) x F). The associated forces in the plate model are

ffla) = —=—=[F+ F.(x2,—21,0)"]
Qr|
2 h2 —h
gf(@") = aﬂTfo)Fz + F.(0, %@7 —15)"
2 _ h2 —h
gf(&?) = amT}%‘(:lj)F2+f<—aT@),O, Q?l)T.



We remark that, if F is colinear to z'® — z¢ then F = 0. Furthermore if F' = (0,0, F3)T the
forces in the thin plates are

Here A is the 3 x 3 matrice with coeflicients
Ay = Z/ (z; — 2%)? dr and Aj; = —/(xi — 20)(w; — 2) d for i # j.
j#i VR Q

To prove this, one search the function f under the form f(z) = d+ D x (z — 2%) with d and
D in R? which satisfies

i (z)v(z) dz = F.u(z)

for v(r) = ¢+ C x (x —2%) and all ¢ and C in R®. By posing C' = 0 it follows that d = F/|Qz]|
and then by posing ¢ =0 :

/Q (C % (= 2).(D x (z — o)) dz = (C x (2° — 2€)).F
or equivalently
C’./ (x —2%) x (D x (x — %)) dor = C.((2° — 2%) x F)
Qr

then
/ (z —2%) x (D x (z —2%) do = (2° — 2%) x F
Qr

from which the expression D = A~!((2° — 2%) x F) follows. The expressions of f¥ and g are

derived straightfowardly.

7.5 An Inequality
Lemma 2 For allv € H' (wp) such that v =0 on ~§ it follows that

ollop < CllXewp VO + X €V lup- (66)

Proof. (i) First we establish that there exists a constant C; > 0 such that for all v € H'(Y)
[v]13, < Ci(l[v]l3, + |[V|[3). This is proven similarly to the classical Poincaré inequalities.

(ii) Then we establish that there exists a constant Cy > 0 such that for all v € leg (wp) and
all e > 0, [|v]|2, < Cs]|x,,,(02,v,€0:,v) + V]| . Let us start from the previous inequality
and for each ¢ let us apply the change of variable that maps Y towards Y;® for each. This leads
to a family of inequality that we sum over i. It follows that for all v € H(wp) :

1[50 < Crlllvllz, + leVoll,)- (67)

By another way, let us introduce a scaling of wg by a factor of n = 1/¢ in the direction x5
only. This leads to a family & of n strips with length equal to 1 in the x; direction and of the
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order of one in the second direction. The classical Poincaré inequality may be applied to each
of them which in turn by summation over the n strips yields |[v||2 < Cs||Vol|[2 provided that
vE H%E (0°). Here 7 is obtained through the dilatation of 7§ by a factor 1/e. By reversing the

scaling, it follows that for all v € H716 (w),

||'U||2 < CQH(am'U? 58,621;)

wo —

2
oo (68)
Combining (67-68) yields (ii)

(iii) The desired result is a direct consequence of (ii). m

Conclusion: We have derived two-scale models of AFM Arrays which take into account
the deformations of the base coupled with those of the cantilevers. The first model is a general
one and can be discretized with a Finite Element Method for both the macroscopic domain
and the reference cell. The second model is a particular case where hand calculations have
been pushed at their limit, so it has the form of a Euler Bernoulli beam equation, associated to
the base, coupled with a nonlinear algebraic equation for the cantilevers. They do not require
an heavy Finite Elements implementation and may provide an efficient model for a designer.
The derivation of the general model is based on asymptotic approach which guaranties a good
confidence in its results. Let us review the features of the general model. The cantilevers
are modeled with a Love-Kirchhoff thin plate model which allows to describe general plate
flexions encountered for example in nanomanipulation, their tip is rigid, the atomic forces are
really applied to the extremity of the tip and the base is assumed to be much stiffer than the
cantilevers which simplifies significantly the model. The results show that even for a small
number of cantilevers, the mechanical displacement of the base cannot be neglected in a design
process. Our perspectives consist in completing this work by several aspects including the
dynamics, realistic shapes of the sample and control of the whole system.
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