A Model for HCMV Infection in Immunosuppressed Patients

G.M. Keplera,b,1 , H.T. Banksa,b,2 , M. Davidiana,b,3 , and E.S. Rosenberga,b,c,4
a

Center for Research in Scientific Computation
and
b
Center for Quantitative Sciences in Biomedicine
North Carolina State University
Raleigh, NC 27695-8205
and
c
Massachusetts General Hospital and Harvard Medical School
I.D. Unit–Gray 5
Boston, MA 02114

April 20, 2008

Abstract

We propose a model for HCMV infection in healthy and immunosuppressed patients. First, we present the
biological model and formulate a system of ordinary differential equations to describe the pathogenesis of
primary HCMV infection in immunocompetent and immunosuppressed individuals. We then investigate how
clinical data can be applied to this model. Approximate parameter values for the model are derived from
data available in the literature and from mathematical and physiological considerations. Simulations with
the approximated parameter values demonstrates that the model is capable of describing primary, latent,
and secondary (reactivated) HCMV infection. Reactivation simulations with this model provide a window
into the dynamics of HCMV infection in (D-R+) transplant situations, where latently-infected recipients
(R+) receive transplant tissue from HCMV-naive donors (D-).
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Introduction

According to the OPTN/SRTR 2006 Annual Report [34], more than 27,000 organs were transplanted in the
United States during 2005. Overall, between 2004 and 2005 there was a 3.7% increase in the number of
transplanted organs and a larger 5.0% increase in the number of patients on waiting lists. These numbers
reflect trends consistent with previous years, in which the number of patients waiting for transplants, 89,884
in 2005, greatly exceeds the availability of organs. Given these facts and the fact that, as of the end of
2004, there were more than 153,000 persons living with a functioning organ transplant in the United States,
optimal care of transplant patients is of utmost importance from patient, supply, and cost perspectives.
Life-long pharmacological immunosuppression is the standard of care for transplant recipients, making them
much more susceptible to opportunistic infections. For solid organ transplant (SOT) patients undergoing immunosuppressive therapy, human cytomegalovirus (HCMV) infection is the most significant threat to patient
and graft health [11, 25]. Indeed, either directly or indirectly, HCMV infection causes allograft rejection,
decreased graft and patient survival, and predisposition to opportunistic infections and malignancies [11, 25].
Approximately 75% of organ transplants without antiviral prophylaxis have some incidence of active HCMV
infection in the first year [25], and in a recent retrospective study, Sagedal, et al., showed that HCMV
infection is associated with lower survival rates in both high- and low-risk renal transplant patients [30].
HCMV is one of eight known human herpes viruses and the health threat posed by HCMV infection in
immunosuppressed patients is due to its life-long latent infection. The prevalence of HCMV in the population varies, but in the developed world approximately 60% of the population is infected [9]. There are
four major stages of HCMV infection: primary (or acute), latent (or persistent), active asymptomatic viral
replication, and symptomatic viral replication (or disease). The clinical manifestations of primary HCMV
infection range from asymptomatic to mononucleosis-like illness in healthy immunocompetent individuals.
After primary infection, latent HCMV persists in the nucleus of cells until it is reactivated, beginning a
program of lytic replication and lysis, and leading to a new (sometimes asymptomatic) round of active infection and latency. Although there is generally no pathology associated with active HCMV infection in
immunocompetent individuals, active HCMV infection can lead to disease in immunocompromised individuals, as in pharmacologically immunosuppressed transplant recipients, individuals undergoing chemotherapy
and AIDS patients who are not treated with antiretroviral therapy [7]. HCMV disease is defined as an
active infection of HCMV, as detected by antigenemia or virus in the blood, as well as HCMV syndrome,
characterized by fever, fatigue, neutropenia, and other symptoms. HCMV disease mostly occurs in severely
immunosuppressed patients (such as transplant patients) and rarely occurs in immunocompetent patients
[36].
HCMV infection is a significant health threat to immunosuppressed patients. Patient health outcome could
be improved with suitable mathematical modeling that could predict the disease course in individuals and
one that could suggest optimized treatment strategies.
Mathematical modeling to aid in the understanding of scientific hypotheses is widely used and historically
accepted in the physical sciences and engineering communities. As the focus of biological research turns
more and more towards understanding complex biological systems across multiple scales, investigators in
the biosciences have begun to recognize the value of mathematical modeling coupled with experimental
investigations to enhance understanding of mechanisms, pathways, anomalies, etc. The modeling process is
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an iterative process (Fig. 1), in which one begins with the real system under investigation and pursues the
following sequence of steps: (i) empirical observations, experiments, and data collection; (ii) formalization
of properties, relationships and mechanisms which result in a biological or physical model; (iii) abstraction
resulting in a mathematical model; (iv) formalization of uncertainty/variablity in model and data resulting
in a statistical model; (v) model analysis, interpretation and comparison (with the real system) (vi) changes
in understanding of mechanisms, pathways, etc., in the real system; and (vii) design of new experiments.

Figure 1: Schematic diagram of the iterative modeling process.

In recent years, development of quantitative techniques, such as real-time PCR measurements of viral load,
antigenemia assays for infected cell counts, flow cytometry for T cell subsets, and ELISPOT for virus-specific
T cell function, make it feasible to couple experimental investigations with mathematical modeling. In a
recent review Funk, et al., summarized investigations in which PCR measurements of viral DNA load are
applied to a standard mathematical model for viral load decay kinetics during antiviral treatment to estimate
the half-life of HCMV as well as other viruses relevant to transplantation [15]. Various researchers have used
this standard on-treatment model to calculate the half-life of HCMV in the blood of kidney transplant [29],
SOT [17], and AIDS retinitis [9, 8] patients, for example. In other modeling work, Emery , et al., applied
a standard model of infected cell kinetics to measurements of viral load in whole blood to calculate the
basic reproductive number R0 , the number of infected cells produced by a single infected cell, and obtain an
estimate of antiviral treatment efficacy necessary to prevent HCMV infection.
The use of standard models, such as for viral decay kinetics above, are an important beginning in the
abstraction step of the iterative modeling process described in Fig. 1 and can be viewed as special cases of
more detailed models. Furthermore, these basic models facilitate our understanding of the complex processes
occurring in HCMV infection and can inform more encompassing models of infection dynamics. For example,
knowledge of the viral clearance rate tells us about the rate of viral replication in the blood, which must be
greater than the clearance rate, during times when the viral load is increasing and estimates of viral growth
rate highlight the differences between HCMV-naive and -experienced patients.
The above-mentioned HCMV models have addressed only kinetic behavior. For example, during viral load
decay following antiviral treatment, the behavior of the viral load is determined by the antiviral treatment,
but does not effect the treatment itself. The next iteration in the modeling process should be dynamic models
that account for the “push-and-pull” of processes such as in the interactions between the viral infection and
the immune response, in which the viral infection provokes an immune response and is, in turn, attenuated
by the immune response. Recently, Wodarz, et al., developed a dynamic model of HCMV infection to
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elucidate the potential roles of the innate and adaptive immune responses in the phenomenon of cytotoxic
T lymphocyte (CTL) memory inflation [37], the increase of HCMV-specific CTL cells in time relative to the
overall T cell population after resolution of the acute infection. Investigation with this model showed that
competition between innate and adaptive immune response could be a significant factor in CTL inflation
and was consistent with experimental data from mice.
In this work we develop a mathematical model of HCMV infection dynamics at the cellular/viral mechanistic
scale for application to individual (whole organism) clinical data and patient health. In Section 2 we present
the biological and mathematical models. We formulate the mathematical model as a system of ordinary
differential equations that describe the pathogenesis of primary HCMV infection in immunocompetent or
immunosuppressed individuals. The mathematical model is mechanistic and physiological with compartments that correspond to cell and virus populations. Although we are ultimately interested in applying this
model to HCMV infection in transplant patients, we do not explicitly model donor tissue at this point. In
Section 3 we outline how currently available clinical measurements can be applied to this model. In Section
4 we review the data available in the literature and obtain approximate parameter values for the model using
available data and mathematical and physiological considerations. In Section 5 we demonstrate that this initial model exhibits appropriate characteristics of primary and latent HCMV infections in immunocompetent
individuals. Finally we apply the model to cases of immunosuppression and show that the model exhibits
secondary (reactivation) infection following immune suppression.

2

Biological/Mathematical Model

In this initial model we have not tried to formulate a model that reflects all features of the host immune
response as well as viral and genetic factors. Instead, our intent is to develop a model that can capture
the most salient biological features of HCMV infection in immunosuppressed individuals and, one for which
parameters can be plausibly estimated based on longitudinal clinical data. In this model we describe the
dynamics of the viral load V and immune response E, as well as actively-infected RI , susceptible RS , and
latently-infected RL cells (Table 1). A brief description of the underlying biological model on which we base
our mathematical model embodied in (1) below is given first.
Variable

Description

Units

V

viral load (free virus)

virions/µl-blood

E

virus-specific immune effector cells

cells/µl-blood

RI

actively-infected cells

cells/µl-blood

RS

susceptible cells

cells/µl-blood

RL

latently-infected cells

cells/µl-blood

Table 1: State variables for HCMV infection model.
The major reservoir of latent virus is in cells of the myeloid lineage: progenitor cells in the bone marrow
and in peripheral blood mononuclear cells derived from these cells [15, 32]. A wider class of susceptible
cells, including endothelial and organ-specific cells, are targets during active infection [15, 32]. Since our
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focus is on utilizing clinical data, we model relevant cell populations in the blood compartment. In the
biological and corresponding mathematical model, the state variables for actively-infected, latently-infected,
and susceptible donor-derived cells in the blood compartment are RI , RL , and RS , respectively.
A schematic diagram of the processes contained in our models is presented in Fig. 2. Cellular state compartments are indicated in white circles, while the free virus state compartment is denoted with a gray circle.
Processes that are increasing or decreasing the values of the state variables (compartments) are indicated
with directed arrows and the rates at which the processes occur are indicated next to the corresponding
arrows. For example, a virion V infects a susceptible cell RS to, collectively, become an actively infected cell
RI with rate kV RS . Removal from the system is represented by an arrow directed toward the null compartment Ø. Arching arrows that loop back on a compartment represent net death and/or growth process for
the corresponding state variable. At the beginning of a primary infection, the RI , RL , and E state variables
will have value zero.

Figure 2: Biological model schematic diagram of key processes in (non-transplant) HCMV infection: infection
V + RS → RI , immune-induced cell lysis of infected cells E + RI → E + Ø, spontaneous reactivation from latency
RL → RI , establishment of latency RI → RL , viral induced cell lysis RI → nV , viral clearance V → Ø, and
maintenance of cell populations (arching arrows). Volume units refer to whole blood.

We model homogeneous populations of latently-infected and susceptible cells, which in the absence of ongoing
infection are maintained in an equilibrium state through normal cell division and death through the terms
λ(1 − RS /rS )RS and λ(1 − RL /rL )RL . Susceptible cells become infected at rate kRS V , with f virions
infecting each cell (for simplicity in a first model we take f = 1 for all computational results presented
below). Due to the cytopathic effects of HCMV, actively infected cells die at rate δRI , and are assumed to
produce n virions before death. Free virus is cleared from the blood at rate cV .
There is clinical evidence to suggest that in healthy subjects with latent HCMV there is intermittent lowlevel viral replication due to spontaneous reactivation of latent virus [7, 22]; we include this conversion
of RL to RI in our models through the rate term α0 RL . It is hypothesized that in healthy subjects the
immune response prevents these small asymptomatic outbreaks from progressing to the point of producing
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detectable symptoms [22, 32]. However, in the absence of a strong immune response, the virions (free virus)
released by the reactivated cell can infect nearby susceptible cells and propagate the infection. We model
the concentration of virions in the blood through the state variable V . During active infection some cells
will progress to a latent state rather than complete the full lytic cycle, a process which is assumed to occur
with rate κRI in the model.
The cellular immune response is the key defense against HCMV infection [25, 26] and is represented by the
state variable E in the model, an aggregate compartment of HCMV-specific effector and memory CD8+
T cells (CTLs). We do not model the details of effector cell expansion and contraction during primary
infection in this initial model (for examples of this type of modeling see [19, 37]). In the case of primary
HCMV infection, Day, et al., showed that an initial diverse polyclonal response to the immunodominant
viral epitope (pp65) is followed by a disproportionate contraction of certain clones that were abundant during
primary response [5]. The level of detail required to model this complex process is not helpful at this stage.
Rather, we seek a qualitative model of the overall response of expansion, clearance, and contraction. In our
model, CTLs lyse actively infected cells at a rate mERI . The concentration of CTLs increases in response
to the presence of free virus through the rate term ρV , and this term initiates the immune response during
primary infection which begins with E = 0. After primary infection, a low level of (memory) CTL cells are
maintained through the term λE (1 − E/e)E. Natural killer (NK) cells also participate in control of CMV
infection, but we do not model this innate immune response component in this first model.
Immunosuppression therapy throughout the lifetime of a transplant patient is the standard of care to prevent the immune system from attacking donor tissue. We include the parameter ²S , with 0 ≤ ²S ≤ 1,
to describe the level of immunosuppression (²S = 1 corresponds to total immunosuppression). Inclusion
of immunosuppression also makes the model relevant to AIDS patients who suffer from disease-induced
immunosuppression. The level of immunosuppression can have a significant effect on the risk for HCMV
disease, as evidenced by the increased incidence of HCMV retinitis among AIDS patients who are not on
antiretroviral therapy. In our model, the factor (1 − ²S ) attenuates the rate of the immune response E and
the rate of immune-mediated lysis of infected cells mERI .
The dynamical ordinary differential equations corresponding to the above biological model are given by
V̇

=

Ė

=

ṘI

=

ṘS

=

ṘL

=

nδRI − cV − f kRS V,
· µ
¶
¸
E
(1 − ²S ) λE 1 −
E + ρV ,
e
kRS V − δRI − (1 − ²S )mERI + α0 RL − κRI ,
µ
¶
RS
λ 1−
RS − kRS V,
rS ¶
µ
RL
λ 1−
RL − α0 RL + κRI .
rL

(1)

Model parameters along with the rationales for the values we assume are discussed in Section 4 and are
summarized in Table 2 at the end of that section.
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3

Relevant clinical measurements

Because this model is intended to be used with clinical data, a few remarks about the viral load state variable
V are required. There is no clear standard for reporting the HCMV load in the literature and measurements
are generally taken using either plasma, whole blood, or peripheral blood leukocytes (white blood cells).
These three different sources represent measurements of virion DNA, virion plus cell-associated DNA, and
cell-associated DNA, respectively. (Note that HCMV is a single-stranded DNA virus so there is only one
copy of viral DNA per virion.) For modeling purposes it is preferable to model the concentration of virions
in the blood, because cell-associated viral DNA is difficult to quantify; i.e., the number of copies of viral
DNA per latently-infected cell is probably characterized by a distribution and the number of copies of viral
DNA per actively-infected cell will depend upon the stage of the lytic cycle within each cell.
As stated above, measurements of virions (free virus) are performed using the plasma component of whole
blood and are generally reported as copies of HCMV DNA per mL of plasma, but in order to be consistent
with the units of the cell compartments should have units of cells per µL of blood. To convert from copies/mLplasma to copies/µL-blood we need to know the fraction of the whole blood volume that is plasma. The
total volume of the blood can be considered to be composed of three subvolumes: plasma, white blood
cells (WBCs), and red blood cells (RBCs). The hematocrit (HCT), which is a standard measurement in
a Complete Blood Count (CBC), is the percentage of the total blood volume occupied by RBCs. Normal
results are in the range 40.7-50.3 for men and 36.1-44.3 for women [24]. Since the volume occupied by WBCs
is a small fraction of the total blood volume, we can approximate the fraction of blood volume that is plasma
as 1 − HCT /100. For models that include viral and cellular compartments it would be best to know the
value of the fraction of the blood volume that is plasma at each measurement of the plasma viral load,
but these numbers are not reported in the literature. Measurements using plasma can be approximately
converted to whole blood equivalent by using the median value of the hematocrit HCT in the conversion
V [copies/µL-blood]=Vp [copies/mL-plasma]×(1 − HCT/100)/1000.
Another practical aspect of utilizing clinical viral load data with mathematical modeling is the proper
handling of censored data. That is, measured viral load values often fall below the assay’s lower limit
of quantification, leading to measurements that are left-censored, i.e., known only to be below the limit.
Similarly, right-censored values can occur when measured values lie above the upper limit of quantification
for the assay, although this does not appear to occur often with HCMV infection. Left-censored data occur
quite frequently, for example during surveillance of transplant patients not undergoing antiviral therapy
or following resolution of HCMV infection, either naturally or as a result of antiviral treatment. The
Expectation Maximization (EM) Algorithm [6, 23] is a maximum likelihood estimation technique that can
be used to obtain reliable parameter estimates with censored data and has been successfully utilized for
parameter estimation with models of HIV infection [1, 3].
The HCMV Antigenemia Assay is routinely used to monitor transplant patients for HCMV infection. This
assay stains peripheral blood leukocytes (PBLs) (extracted from whole blood) that are positive for pp65, a
major protein produced during active HCMV infection. Treated cells are plated and stained cells are counted
using a microscope. The results of this test are expressed in the form of HCMV antigen-positive cells per L
PBLs, where L might equal 2 × 105 , for example. The drawbacks of this assay are that it is time-sensitive,
time-consuming processing, and slide interpretation can be subjective [35]. However, this measurement can
be used to directly inform the state variable for infected cells RI if additional information is made available.
7

The concentration of WBCs (leukocytes) measured in the CBC can be used to convert directly to the state
variable RI in the computational model. For example, if W WBCs per µL-blood are measured in the CBC
and A is the result from the antigenemia assay (pp65 positive cells per L leukocytes), then RI = AW/L
cells/µL-blood.
The number of CD8+ T cells per µL of blood can be counted using standard flow cytometry methods.
This measurement does not directly correspond to any of the computational model state variables, but can
be used along with the PBMC depleted ELISPOT assay to determine values for the HCMV-specific state
variable E in the computational model. The PBMC depleted ELISPOT assay measures the ability of the
CD8+ T cells to produce specific cytokines (e.g., IFN-γ) in response to target viral epitopes. The test
depends upon the peptides used to stimulate the T cells and a panel of overlapping peptides that span the
HCMV gene products is desirable, since it best represents the total HCMV-specific CD8+ immune response.
The results of this test are expressed in terms of spot-forming cells (SFCs) per N CD8+ T cells, where
N equals 1 × 105 , for example. The number of HCMV-specific CTL is equivalent to the number of SFCs
minus a background count. The result of this assay can be converted to give the concentration of CTL cells
E in the computational model. For example, if flow cytometry determines that there are C CD8+ T cells
per µL blood and P HCMV-specific CTL per N CD8+ T cells are measured in the ELISPOT assay, then
E = P C/N .

4

Approximation of model parameters.

Parameter estimation is an important, but often difficult, task in mathematical modeling. With sufficient
data all 13 parameters in model (1) can be estimated using inverse problem techniques. To be “sufficient”
for parameter estimation, data must generally include longitudinal observations (that capture periods of
most rapid dynamic change) and must inform enough state variables to uniquely (at least locally) identify
parameters. To begin to estimate parameters we would ideally seek data on primary HCMV infection in
immunocompetent individuals where there are fewer parameters to identify, because ²S = 0, E(0) = 0,
RI (0) = 0, and RL (0) = 0 in this case. Upon reviewing the literature one finds that there are very little data
on primary infection in immunocompetent individuals, most likely due to the generally asymptomatic nature
of primary HCMV infection in immunocompetent individuals, and very little longitudinal data. Much of the
data that are available comes from studies of primary HCMV infection in pregnant women (see, for example,
[21, 27, 28]). Significantly more longitudinal data are available in the literature for the more complicated
cases of HCMV infection in transplant patients (see, for example, [12, 16, 38]).
One approach, when data are scarce, is to approximate as many model parameters as possible and use a small
amount of data to obtain reasonable values for the remaining parameters. In this section we find approximate
values for many of the parameters and initial conditions in model (1). This allows us to carry out reasonable
exploratory simulations in the absence of sufficient data for parameter estimation. Approximate parameter
values also serve as good initial guesses for iterative parameter estimation algorithms used with data. We
make the following approximations to obtain parameter values as summarized in Table 2.
(1) The rate of viral induced cell lysis δ can be estimated from measurements of the time to late cytopathology Ty = 120 − 168 hours for HCMV [14]. Then δ ≈ 1/Ty ≈ 2 × 10−1 day−1 .
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(2) The total HCMV-specific CD8+ T cell response in seropositive healthy (latently-infected) individuals
is 4.6% (median) with a range of 0 − 36% of the overall CD8+ population in blood [33]. The range of
CD8+ cells is 300 − 900 cells/µL-blood [18]. Therefore, we expect the equilibrium (latent state) level
of HCMV-specific CTL cells Ẽ ≈ 0 − 300 cells/µL-blood.
(3) Generally, no virions (free virus) are detected in healthy HCMV seropositive individuals [32]. The lower
limit of detection for the ultasensitive assays is L = 20 virions/mL-plasma. As discussed in Section
3, the ratio of plasma to whole blood volume can be approximated by 1 − HCT, where HCT is the
median hematocrit. Therefore, we expect the equilibrium (latent state) viral load Ṽ ≤ L ≈ 1.1 × 10−2
virions/µL-blood, where we have used 1 − HCT ≈ 0.57.
As stated in Section 2, the susceptible, latently-infected, and actively-infected state variables (RS , RL , and
RI ) represent populations of monocytes in the blood. Some parameters can be approximated based on
known properties of circulating monocytes.
(4) The concentration of monocytes in blood is 0.15 − 0.6 × 103 cells/µL-blood [18] and we take the median
value to be rS ≡ 4 × 102 cells/µL. In the case of primary infection, we can then approximate the initial
condition RS (0) = rS . In cases where the susceptible cell population is not significantly depleted
during infection (strong immune response), we can approximate R(t) ≈ rS .
(5) Reactivation of latently-infected cells RL occurs when monocytes differentiate into macrophages upon
exiting the blood compartment [32]. The half life of monocytes in blood is approximately 71 hours
[13]. Therefore α0 ≈ ln(2)/71 hr−1 = 2 × 10−1 day−1 .
(6) Approximately 0.01% of peripheral blood monocytes are latently infected [32]. Therefore, we approximate the equilibrium (latent state) concentration of latently-infected monocytes in blood as
rL ≡ 4 × 10−2 cells/µL-blood. In simulations of reactivation, if RL (0) is unknown, we can approximate RL (0) ≈ rL and if the latent cell population is not significantly depleted during infection we can
approximate RL (t) ≈ rL .
It is helpful to write some of the unknown parameters in terms of quantities we do know (auxiliary parameters).
(7) As mentioned in Section 1, various researchers have measured the exponential decay rate of the HCMV
load for patients on effective antiviral treatment. Under the assumption that the antiviral drug completely blocks the release of new virions, the viral load dynamics are given by V (t) = V (0)e−at , where
a is the absolute value of the (log-linear) slope of the decay. The half-life of the viral load decay is then
given by tH = ln(2)/a. Measurements of tH in the literature range from 1.5-11.5 days [2, 9, 8, 17, 29].
The viral load decay kinetics of model (1) are approximately given by dV /dt = −(c + krS )V . Therefore
for a specified half-life tH , we can determine the quantity
c + krS = ln(2)/tH .

(2)

(8) Another quantity that has been measured is the doubling time tD of the viral load. Measurements of
tD in the literature range from 0.38-2.1 days [9, 10]. These measurements assume a period of (nearly)
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exponential growth of the viral load V (t) ≈ V (0)eln(2)t/tD . If we consider early times during primary
infection before the immune response is significant, model (1) can be approximated by a reduced model
V̇
ṘI

= nδRI − cV − f krS V,
= krS V − δRI .

(3)

These equations can be solved analytically and, for solutions representing exponential growth and
t large enough, V ∝ eCt , where C = −(1/2) (F − A) , A = (F 2 + 4δ(krS (n − 1) − c))1/2 , and
F = δ + krS + c. Using C = ln(2)/tD and (3) we can find that
µ
µ
¶
¶
ln(2)
ln(2)
1
ln(2) ln(2)
+δ+
+
.
k≈
nrS
tD δ
tH
tD
tH

(4)

Therefore, for a specified viral load doubling time tD (and with values for tH , n, rS , and δ) the
parameter k can be determined. Once k has been determined from (4), c can be calculated from (2).
(9) We can approximate the rate m of cell lysis by immune effector cells by obtaining equilibrium solutions
for primary infection with a reduced model
V̇
Ė
ṘI

= nδRµI − cV ¶
− f krS V,
E
= λE 1 −
E + ρV,
e
= krS V − δRI − mERI .

(5)

and specification of an equilibrium value of the HCMV-specific immune response cells Ẽ from above.
Then
!
µ ¶Ã µ
¶−1
c
δ
n
(6)
m≈
+1
−1 .
krS
Ẽ
(10) Using the equilibrium solutions from (5) and specifying a value for the equilibrium (latent state) viral
load Ṽ , we can approximate the rate parameter for immune effector cells λE as
µ
¶2
ln(2)
Ṽ ρem2
tH
¶µ
¶.
λE ≈ − µ
ln(2)
ln(2)
δ krS n −
(em + δ) − krS nδ
tH
tH

(7)

In summary, we can obtain approximate values for model parameters δ and α0 and for auxiliary parameters
tH , tD , Ẽ, Ṽ , rS , and rL . Using these approximate values and values for the unknown parameters ρ, n, and
e (model parameters λ and κ are also unknown), we can calculate values for model parameters k, c, m, and
λE using equations (2), (4), (6), and (7). Table 2 contains an example of parameter values obtained with
this approximation methodology. The values chosen for the unknown parameters (ρ, n, e, λ and κ) were
guided by the simulations and the requirements of achieving the target values for Ẽ and Ṽ and obtaining
reasonable peak values for the viral load. There is further discussion of these parameter values in Section 5.
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Parameter

Value

Units
0

Virion induced immune response

ρ

5 × 10

cells/(virions · day)

Productivity of infected cell

n

5 × 101

(virions/mL)/(cells/µL)

Rate of viral induced cell death

δ

2 × 10−1

day−1

Rate of viral clearance

c

3 × 10−1

day−1

Infection rate constant

k

1 × 10−4

µL/(virions · day)

Immune induced cell lysis

m

1 × 10−1

µL/(cells · day)

Exit and reactivation rate for monocytes

α0

2 × 10

−1

µL/(cells · day)

Rate of latency

κ

2 × 10−3

µL/(cells · day)

Homeostatic replenishment of immune cells

λE

4 × 10−2

day−1

Cell replenishment rate

λ

1 × 10−3

day−1

HCMV-specific effector cell term

e

9

cells/µL-blood

Level of immune suppression

²S

0

-

Number of infecting virions per cell

f

1

-

Equilibrium level of susceptible cells

rS

4 × 102

cells/µL-blood

Equilibrium level of latent cells

rL

4 × 10−2

cells/µL-blood

Half-life of virions during antiviral treatment

tH

2

days

Doubling time of the virions

tD

1.5

days

Equilibrium level of HCMV-specific effector cells

Ẽ

10

Equilibrium level of virions

Ṽ

cells/µL-blood
−2

1 × 10

virions/µL-blood

Table 2: Model parameter approximations.

5
5.1

Simulations
Immunocompetent Case

Primary infection. The computational model must describe three types of infection: primary, latent,
and secondary (or reactivated) infection. Figure 3 (solid line) illustrates simulation of primary infection in
an immunocompetent individual (²S = 0) using the parameters listed in Table 2 and the initial conditions
(V, E, RI , RS , RL ) = (1×10−4 , 0, 0, 4×102 , 0). In Fig. 3 one can see peak values of 420 virions/mL-blood and
19 and 1.8×10−2 cells/µL-blood for the viral load, immune response, and actively-infected cells, respectively.
The duration to peak for V is dependent upon the particular choice of the initial condition V0 , with smaller
values pushing the peak out further in days. The peak in actively-infected cells occurs slightly ahead of the
peak viral load (22 vs. 24 days), presumably due to the fact that the immune response directly affects RI
and only indirectly V . The peak in the immune response occurs on day 33.
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V
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2

E
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1
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0
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0

RI

10

−2
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−4

10

Figure 3: Simulation of primary infection with different degrees of immune suppression: ²S = 0 (solid line),
²S = 0.4 (dashed), and ²S = 0.7 (dash-dot). Plotted, from top to bottom, are the viral load V copies/mLblood, immune response E cells/µL-blood, and actively-infected cells RI cells/µL-blood.
Latent infection. In the deterministic model (1) the latent state is characterized by the equilibrium values
of the state variables following primary infection. Non-zero equilibrium values of V and RI represent an
ongoing sub-clinical level of infection that is kept in check by the immune system. (A latent state described
by intermittent reactivation of latent virus and subclinical infections would require a stochastic model.) For
the immunocompetent simulation (Fig. 3, solid line) V , E, and RI reach equilibrium levels of 9.9 virions/mLblood and 10 and 3.4×10−2 cells/µL-blood, respectively. The equilibrium levels of the viral load and immune
response for the immunocompetent simulation are close to the specified auxiliary parameters Ṽ and Ẽ (Table
2) that were used in the parameter calculations and the equilibrium level of V is just below the ultrasensitive
threshold of detection (≈ 10 virions/mL-blood).
The impact of the values chosen for the unknown parameters ρ, n, e, λ and κ (Table 2) on the immunocompetent primary infection results in Fig. 3 are as follows. Decreasing the value of ρ increases the peak values
for V , E, and RI , but has negligible effect on the equilibrium values (Fig. 4). The effect of varying the value
of n is most significant on the results for RI , and has a negligible effect on results for V or E. Decreasing
n increases all values for RI . Decreasing e increases the peak of E, but has a negligible effect on the peaks
of V and RI and does not affect any of the equilibrium values attained. Changing λ or κ by and order of
magnitude has negligible effects on any of the results for immunocompetent primary infection shown in Fig.
3 (solid line). However, the results for RL (not shown) are affected by changes in κ. Finally, it should be
noted that decreasing n or ρ may result in damped oscillations in V , E, and RI after the primary peaks,
although the equilibrium values are not affected.
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Figure 4: Peak values for V (virions/mL-blood), E (cells/µL-blood), and RI (cells/µL-blood) as a function
of ρ.

5.2

Immunosuppressed Case

Figure 3 also illustrates the effect of immunosuppression on primary HCMV infection, where using the same
initial conditions and parameter values as in the immunocompetent case above, the viral load V , immune
response E, and actively infected cells RI are plotted for different levels of immunosuppression: ²S = 0.4
(dashed), and ²S = 0.7 (dash-dot). In Fig. 3, one can see that the peak and equilibrium values of V , E,
and RI increase as the level of immunosuppression increases. The immunosuppressed simulation results can
be compared to data from immunosuppressed transplant patients. For example, Sia, et al., measured the
plasma viral load just prior to antiviral treatment for 24 transplant patients with HCMV infection and found
a range of 0 − 4.61 × 104 and median of 2.65 × 103 virions/mL-plasma (the lower limit of detection was 288
virions/mL-plasma) [31]. Although these values do not necessarily represent peak values, we can roughly
compare them to the range of peak values obtained in these simulations. Using the parameter values in Table
2 and ²S = 0−0.9 we obtain simulation results that yield a range of peak viral loads of ≈ 7.40×102 −8.1×104
virions/mL-plasma (note conversion to plasma units); this suggests, at least in this regard, a reasonable first
approximation of parameters for model (1).
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Figure 5: Equilibrium values for state variables following primary infection as a function of the level of
immune suppression. Note that V is plotted in units of copies/mL-blood.
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Figure 5 illustrates the effects of immunosuppression on the equilibrium (latent state) levels of the state
variables that are achieved following primary infection, where it can be seen that the equilibrium values for
all state variables, except RS , increase as the level of immunosuppression ²S increases, consistent with a
latent (chronic) infection of increasing severity. For larger values of ²S , the equilibrium viral load is well
above normal thresholds of detection, although the infections are still kept in check by the immune response.
Secondary infection - reactivation. The role that immunosuppression plays in HCMV reactivation is
important for both transplant and untreated AIDS patients. To investigate secondary infection we simulated
immunosuppression of a previously healthy individual with a latent HCMV infection. Specifically, we simulated primary infection in a healthy (²S = 0) patient and used the equilibrium values of the state variables,
which characterize the latent state, as initial conditions for another simulation with immunosuppression.
All parameters, other than ²S , are kept fixed in the two simulations. Figure 6 (solid line) displays the
simulation results for V , E, and RI , with an immunosuppression level of ²S = 0.7 following latent infection.
The immunocompetent (²S = 0) latent state levels are indicated with dotted lines. Figure 6 reveals that
imposing immunosuppression on a latent infection causes a secondary infection. Following reactivation the
equilibrium values of V , E, and RI remain elevated above the immunocompetent latent values.
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Figure 6: Simulation results for reactivation following immunosuppression (²S = 0.7). The dotted lines
indicate the values of the state variables during the latent state (prior to immunosuppression). Note that in
all cases, V is plotted in units of copies/mL-blood.
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6

Conclusion

We have derived an initial mathematical model of HCMV infection in both immunocompetent and immunosuppressed individuals. Longitudinal data that inform multiple state variables are necessary for robust
parameter estimation. A review of available clinical measurements yields that standard clinical and research
measurements such as viral load, antigenemia assay, T cell subsets, and HCMV-specific T cell population,
can be applied to the model, but may require additional information that is available, but not generally published/transmitted. In leu of suitable longitudinal data for parameter estimation, we approximated many of
the model parameter values using data available in the literature along with mathematical and physiological
considerations. Simulations with the approximate parameter values demonstrated that the model is capable
of describing primary, latent, and secondary (reactivated) HCMV infection. Within the framework of the
deterministic mathematical model, the latent state is characterized by the non-zero equilibrium levels of the
viral load and actively-infected cells, representing an ongoing infection that is controlled by the immune
system and which is below the level of detection in the immunocompetent case. As the level of immunosuppression is raised in the model, the levels of the viral load and actively-infected cells that characterize
the latent state also rise, eventually reaching detectable levels. The model also exhibits secondary infection
(reactivation) when immunocompetent latent state (equilibrium) values are used as initial conditions for
subsequent simulation with immunosuppression. This type of reactivation scenario serves as a simplified
description of (D-R+) transplant scenarios where latently-infected recipients (R+) receive transplant tissue
from HCMV-naive donors (D-).
We believe that models such as that derived here can be used in inverse problem simulations to provide
information on the types of longitudinal data required to permit better estimation of model parameters for
infected individuals and ultimately to allow predictive capabilities (similar to those of the models in [1, 3]
for HIV patients) in patients undergoing transplants. Moreover, HCMV infection can serve as a model for
the actions of other viruses that cause latent or persistent infections, such as hepatitis C and Epstein-Barr
and other herpes viruses [4, 20, 25]. Understanding the dynamics of HCMV infection in immunosuppressed
patients may contribute to a better understanding of these other viruses. The model developed above can
be applied to other herpes viruses, although parameters will generally be different and some herpes viruses
(e.g., HSV) are not cytopathic. Indeed, even within a given infection model, different individuals will have
different parameter values, and understanding the extent of heterogeneity in those based on clinical data
and how that heterogeneity translates into heterogeneity in longitudinal progression across the transplant
patient population will provide increased understanding of disease propagation in populations.
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